Ultralong-range Rydberg trimer molecules are spectroscopically observed in an ultracold gas of Cs(nd 3/2 ) atoms. The atomic Rydberg state anisotropy allows for the formation of angular trimer states, whose energies may not be obtained from integer multiples of dimer energies. These nonadditive trimers are predicted to coexist with Rydberg dimer lines. The existence of such effective three-body interactions is confirmed with observation of asymmetric line profiles and interpreted by a theoretical approach which includes relativistic spin interactions. Simulations of the observed spectra with and without angular trimer lines lend convincing support to the existence of effective three-body interactions.
Ultralong-range Rydberg molecules (ULRM) form when a Rydberg electron scatters from a ground state atom within the Rydberg orbit [1, 2] . These molecules are interesting for their striking features, such as an exotic binding mechanism, huge sizes (∼ 100 nm), and large permanent electric dipole moments (∼ kilo-Debyes) [3] , as well as for quantum many-body phenomena at high densities [4] [5] [6] [7] [8] [9] [10] . Following the original prediction of ultralong-range Rydberg diatomic molecules [1] , theoretical work predicted the formation of polyatomic ULRM where on average more than one perturber is bound within the Rydberg electron orbit [11, 12] . It is appropriate to distinguish these molecules by the angular momentum l of the Rydberg electron. Triatomic molecules with l = 0 were observed shortly after the initial discovery of diatomic ULRM [13] . Additionally, observations of similar and higher order Rb and Sr Rydberg oligomers have been reported [4, 6, 9, 14] . Since the Rydberg electron is in an isotropic s-state, the interactions among the nuclei are additive and the binding energies are always integer multiples of the dimer energies.
In this work, we report on the observation of a new class of ultralong-range Rydberg molecules which form primarily due to the intrinsic anisotropy of Cs(nd) Rydberg wave functions, see Fig. 1 . These Rydberg trimer states appear in the experiment red detuned from the atomic lines, when Cs atoms are photo-excited into nd 3/2 Rydberg states. Computations of Born-Oppenheimer (BO) potential energy surfaces (PES) enable us to simulate theoretical line profiles for dimer and trimer signals which are compared to the experimental spectra and lend support to the existence of non-additive effective threebody interactions in the molecular Hamiltonian. A crucial aspect of the observed three-body spectral profile is the influence of relativistic spin-orbit and hyperfine interactions which lift the underlying degeneracy in the nonrelativistic molecular Hamiltonian. Strong support for our interpretation is found in the simulated spectra which include only dimer states vs the spectra which combine dimer and trimer states. These non-additive trimers coexist with Rydberg dimer lines.
The formation of Rydberg trimers whose energies are not combinatorially derived from dimer energies is a bound molecular realization of an effective three-body interaction whose existence is not manifest in pair-wise interactions. Effective three-body potentials, as products of two-body interactions, have been phenomenologically derived from the vibrational spectra of alkali metal trimers [15] . Three-body and higher multi-body interactions appear in various models for many-body condensed matter and quantum information Hamiltonians, including the quantum loop models describing topological order with four spins [16] , adiabatic quantum computing Hamiltonians [17] , and perturbation gadget Hamiltonians [18] . Effective three-body Hamiltonians have been proposed in atomic and molecular systems with polar molecules in optical lattices [19] , for three-interacting bosons near a two-body Feshbach resonance [20] , with optical lattice modulation [21] , and circuit QED systems [22] . Three-body Förster resonances, where two-body resonances are absent, were recently observed in Rydberg excitation in an ultracold Rb gas [23, 24] .
In its simplest manifestation, the interaction of a Rydberg electron at position r and spin s r with two (i = 1, 2) ground state alkali metal atoms at positions R i and spins s i can be described by a Fermi pseudopotential [25] . In atomic units and for pure s-wave scattering, this interaction potential is given byV =V 1 +V 2 , where FIG. 1. The angular trimer potential energy curves (a) for R1 = R2 = 1868 a0 for excitation into Cs(34d 3/2 ) Rydberg state, without any spin-dependent terms in the interaction Hamiltonian, i. e. E± terms in equation (2) rescaled by E dim (R = 1868 a0). The primitive orbitals (signs indicated) whose superpositions ψ±(r; R1; R2) produce the eigenvalues E±, are illustrated in (b). The angular configuration of the Rydberg core (at the origin) and the two ground state atoms (unit vectorsR1,R2) are represented by the central sphere and the outer spheres, respectively. In (c) the relativistic spin-dependent interactions deform the curves E± and lift degeneracies, leading to modified angular potentials. Here E triplet dim = 71 MHz (E mixed dim = 34 MHz ) corresponds to the energy at the minimum of the outer-most well of the triplet dominated (mixed singlet/triplet) dimer PES, see dashed blue (red) curve in Fig. 2 .
The operatorsP
project independently onto the singlet (S) and triplet (T) spin channels of the two alkali metal atoms, whereP
The interaction strength in each channel is determined by the singlet (triplet) s-wave scattering length a S(T ) s (k i ) for a ground state atom and a free electron with momentum k i .
When a ground state atom lies within the Rydberg electron cloud, the contact potential perturbs the Rydberg energy levels and leads to oscillatory PES [1, 2] . These PES are depicted in Fig. 2 for a Cs(34d 3/2 ) Rydberg electron where only the first ground state atom (hyperfine state F 1 = 3) is present, i.e. R 2 → ∞ and R := R 1 . For large distances, R > 1800 a 0 with a 0 the Bohr radius, one finds a set of deep potentials (dashed blue line) with almost pure electronic triplet character and a set of shallow potentials (dashed red line) with mixed singlet/triplet character [26, 27] . This spin mixing results from the interplay of three competing interactions: the Fermi pseudopotential, the Rydberg electron spin-orbit coupling and the ground state atom hyperfine interactions. Vibrational dimer states bound in the outer wells (similar to the colored solid lines) have been confirmed experimentally [27] [28] [29] . At distances R < 1800 a 0 , additional p-wave interactions become important [30] [31] [32] . They lift the degeneracy of the potentials and lead to sharp drops at distances where the Rydberg electron p-wave scattering phase shifts are resonant. These effects are described in more detail in [33] .
When two ground state atoms lie within the electronic Rydberg cloud, the PESs will depend on R 1 , R 2 and the enclosed angle θ, see Fig. 1 . In the absence of all spin interactions, analytical expressions for PES can be derived. This has been demonstrated for triatomic trilobites [11, 12] as well as for triatomic low-angular momentum states [34] . For R 1 = R 2 , the l = 2 trimer eigenstates can be expressed as linear combinations ψ ± (r;
,m (r), with normalization N ± (R 1 , R 2 ) and Rydberg wave functions φ n,l=2,m (r). The corresponding angular potentials are
where E dim (R) is the corresponding diatomic PES. This result is illustrated in Fig. 1 (a) . The equilibrium angles are θ = 0 and θ = π for E + and θ = π/2 for E − . These angles are energetically favored since the electronic wave function maximizes its density on the two ground state atoms in those configurations, see Fig. 1 (b). The minima in the E + channel give twice the binding energy of the dimer state and this is the case which has thus far been discussed in formation of bound Rydberg trimers. The minimum of the E − channel in the perpendicular configuration (θ = π/2) is particularly interesting because it is not a global minimum, but yet can support vibrational states at 3/2 the dimer binding energy. The above two-state model serves to highlight an essential finding of this work, namely the prediction of angular Rydberg trimer states in the E − channel detuned to the red of the Cs(nd 3/2 ) thresholds.
We next turn on the relativistic spin mixing interactions for the Rydberg electron and the two ground state atoms. Relevant are the spin-orbit coupling j = s r + l, where l is the angular momentum of the Rydberg electron, as well as the hyperfine coupling F i = I i + s i for each perturber (i = 1, 2). The nuclear spin I of Cs is 7/2. As for the diatomic case, these interactions couple the different spin channels of the contact interaction in (1) and lift the E ± degeneracy. This gives rise to the BO angular potential energy curves in Fig. 1(c) . Like in the simple two-state picture one finds a first set of shallower E − -type curves with minima at θ = π/2 and a second set of deeper E + -type curves with minima at θ = 0 and θ = π.
These PESs demonstrate that the Rydberg electron mediates an effective three-body-force between the three atomic cores. The range of this interaction is on the order of the Rydberg orbit. A detailed analysis of the transition from Fig. 1 (a) to Fig. 1 (c) , where we trace back certain features of the angular structure to certain types of spin-interactions, is performed in [33] .
The experiments were performed in a crossed far-off resonance trap (FORT). The maximum number density of the FORT is ∼ 1 × 10 13 cm −3 at a temperature of ∼ 40 µK. The photoassociation of the nd Rydberg molecules is achieved using a two-photon transition. Cs atoms are excited from the ground state, 6s 1/2 (F = 3), to Rydberg states using a near resonant transition to 6p 3/2 (F = 4) at 852 nm. This first step of the excitation is detuned from resonance by 300 MHz. The laser that drives the first step of the transition is locked to a Cs saturated absorption setup and the Rydberg excitation laser at ∼ 508 nm, is locked to a Fabry-Pérot cavity. Both lasers are linearly polarized in the same direction. The overall stability of the laser systems for the Cs(34d 3/2 ) and Cs(36d 3/2 ) measurements is ∼ 700 KHz and ∼ 3 MHz, respectively. The higher resolution is achieved by locking the lasers to an ultra-stable reference cavity. A signal is generated by ionizing the Rydberg atoms and projecting them onto a microchannel plate (MCP) detector in a time-of-flight spectrometer. The signal is collected as a function of laser detuning. Each prepared sample is excited with a series of laser pulses for a time of 150 ms which amounts to 300 cycles of the excitation sequence. Each excitation pulse lasts 30 µs and is followed by a 67 V cm −1 electric field pulse which lasts for 500 ns. Rydberg molecules can produce both Cs + ions and Cs + 2 ions. For the Cs(36d 3/2 ) measurements we observe only the Cs + ions, whereas, for the Cs(34d 3/2 ) measurements, a better signal to noise ratio is achieved by observing both, Cs + and Cs
The resulting spectra are presented in Fig. 2 and Fig. 3 . Background electric fields in the experimental apparatus were measured to be 15 mV cm −1 . To compare our electronic structure calculations with experimentally observed spectra, we follow two complementary approaches for dimer and trimer states. For the Rydberg dimers, we compute vibrational wave functions χ ν (R), see Fig. 2 for the 34d 3/2 excitation, with a finite difference method. The calculation yields bound states, including those states bound by quantum reflection from steep potential drops [13] . To estimate the line strengths Γ ν , we compute the Franck-Condon factors as Γ ν ∝ dRχ 0 (R)R 2 χ ν (R) 2 , where the initial state χ 0 (R) is the pair wave function for two ultracold atoms in the ground state, here a constant [35] . Calculated dimer states (colored full lines) are presented in Fig. 2 together with their line strengths (length of the colored horizontal bars) and are compared with the observed spectrum (black line). For ease of readability, we present only the most prominent dimer states with relatively large line strengths from a subset of potential curves (colored dashed curves), selected from all BO potentials (remaining gray curves). Since the line strength scales approximately quadratically with the bond length, the states in the most outer wells dominate the spectrum. In Fig. 2 these states are marked by stars and can be clearly identified with the strongest molecular lines in the experiment.
In a more detailed analysis, we use the computed dimer states as an input for a simulation of the dimer spectrum. The set of dimer states comprises not only those shown in Fig. 2 but all of the dimer states from the BO potentials that connect to the 34d 3/2 atomic asymptote, independently of the strength of their Franck-Condon factors. In accordance with the experimental parameters, we generate these spectra by convoluting the discrete line strengths with Gaussian profiles having a width of 700 KHz (3 MHz) for 34d 3/2 (36d 3/2 ). These simulations are presented in Fig. 3 (gray dashed lines) and are com- pared to the experimental signals (solid blue lines). The agreement of the line strengths and profiles is reasonable. However, some prominent spectral features are not captured with the dimer calculations, e.g. the broad peaks near the 45 and 80 MHz detuning in the Cs(34d 3/2 ) spectrum (red circles). We show below that these features can only be explained with the addition of non-additive trimer states, demonstrating the existence and observation of an effective three-body interaction in the formation of trimer molecules.
Because the density of angular states in the Rydberg molecules is large, we use a sampling technique to obtain line profiles of trimer states. This differs from the method used in Ref. [34] . Our approach is motivated by the fact that the trimer spectrum is dominated by signals from molecules where both ground state atoms are in the most outer wells, e.g. R 1 = R 2 = 1868a 0 for 34d 3/2 , and that the experimental laser linewidth is larger than the spacing of bending excitations. Experimental signals of trimers with shorter bond lengths are suppressed, since the probability to find two ground-state atoms at distances R 1 and R 2 from the Rydberg atom scales as (R 1 R 2 )
2 . The trimer signal is then obtained as a histogram of energies E(R 1 , R 2 , θ), generated by drawing random molecular configurations with fixed R 1 = R 2 and variable θ. For 34d 3/2 (36d 3/2 ) we use R 1 = R 2 = 1868a 0 (R 1 = R 2 = 2110a 0 ) and adjust the bin width to the 700 KHz (3 MHz) spectroscopic resolution. Furthermore we assume that the relative distribution of the atoms is isotropic (which implies a sin θ distribution for the sampling) and take into account all the energy surfaces shown in Fig. 1 (c) . 2 ). This sampling approach can be viewed as a modification of methods presented in [6] that were successfully applied to describe the spectrum of polyatomic ULRM in s-states. The resulting histogram for 34d 3/2 is displayed in orange in Fig. 2 in comparison with the observed signal (for 32d 3/2 , 36d 3/2 and 38d 3/2 , see [33] ). Many characteristics of the shape of the histograms (such as the relative heights and the asymmetry of the peaks) agree with the observations. Due to the anisotropy of the PES, the energy positions of the simulated trimers cannot be obtained by addition of dimer energies. For 34d 3/2 the corresponding dimer states that localize at R = 1868a 0 are marked with a star in Fig. 2 .
With the relatively high atomic density, we expect the experimental spectrum to contain both dimer, and trimer signals. With this in mind, Fig. 3 shows the combined theoretical dimer and trimer spectrum (dotdashed black curves) compared to experimental spectra (solid blue curves). The trimer signals are obtained by convoluting the histograms with Gaussian profiles having a width of 700 KHz for 34d 3/2 and 3 MHz for 36d 3/2 . We normalize them to observed signals. The addition of the trimer lines significantly improves agreement with the observed data. The broad peaks near 45 and 80 MHz detuning in the 34d 3/2 spectrum illustrate the presence of non-additive trimer states where dimer lines are nearly absent. A similar trimer peak can be identified in the 36d 3/2 spectrum, see red circle in Fig. 3 . Furthermore the higher resolution data for 34d 3/2 reveals substructures in the trimer peaks (upper panel in Fig. 3 ) that are also predicted by our simulations and can be related to the energy spacing of the PESs of approximately 4 MHz visible in Fig. 1 (c) which is only resolved at sufficiently small line widths. The additional structures seen in the experimental spectra below −100 MHz might be due to the presence of radial trimers associated to inner wells seen in Fig. 2 . These states are influenced by the presence of the p−wave resonances and are not captured in our theory of three-body interactions.
We demonstrate that an effective three-body interaction can be realized by Rydberg excitation into anisotropic trimer ultralong-range molecules in an ultracold Cs gas. By including relativistic spin-dependent interactions in the Rydberg molecule Hamiltonian, we systematically analyze and identify observed spectroscopic features, as angular trimer Rydberg molecules whose energies are not multiples of dimer energies. Spectral features of radial dimers also are found and interpreted with accuracy. In the future, electric or magnetic fields can be employed to resolve and identify individual molecular lines due to the effective three-body terms. An interesting question that might be answered with an increased accuracy is whether the van der Waals interaction between the ground state atoms can have measurable effects for molecular trimers. 
SUPPLEMENTAL MATERIAL Electronic Hamiltonian
We consider a triatomic Rydberg molecule that consists of a Rydberg atom (positively charged core with a Rydberg electron) and two ground state atoms. The relative distances of the electron and the i-th ground state atom to the core are given by r and R i , respectively. Our model for the electronic trimer Hamiltonian iŝ
HereV 1 andV 2 are the Fermi pseudopotentials as described in the main part andĤ ryd 0
is the Hamiltonian of the unperturbed Rydberg atom. It takes into account spin-orbit coupling and has eigenstates |nljm j with energies
where µ(n, l, j) are quantum defects that can be determined experimentally [36] . For 30 ≤ n ≤ 40 one has µ(n, 2, 3/2) ≈ 2.48 and µ(n, 2, 5/2) ≈ 2.47. The radial Rydberg wave functions can be approximated by Whitaker functions that depend parametrically on the effective quantum number n eff = n + µ(n, l, j) [32] . Furthermore, each ground state atom has an internal hyperfine structure described byĤ 
Pseudopotential with p-wave interactions
The Hamiltonian given in (S.1) can be readily specialized for the computation of diatomic potential energy curves by neglecting the terms − α 2R 4 2 andV 2 (this corresponds to the limit R 2 → ∞). In addition we consider also spin-orbit coupled p-wave interactions inV 1 that take into account the coupling between the combined electronic spin S (singlet or triplet) and the electronic angular momentum L (s-wave or p-wave). An expression for this potential has been derived recently in [32] . It can be written in the form
Here X = |r − R| is the relative distance between the Rydberg electron and the ground state atom at R. The multiindex β labels projectors onto different scattering channels that are characterized by collective electronic configurations of the ground state atom and the Rydberg electron |β = |LSJM J . The quantum numbers L,S,J,M J specify the total orbital angular momentum L in the reference frame centered on the ground state atom (L = 0 for s-wave and L = 1 for p-wave scattering), the total spin S (S = 0 for singlet and S = 1 for triplet scattering), and the total angular
The interaction strength in each channel is determined by the scattering lengths a(S, L, J, k) for the ground state and a free electron with momentum k. We use here phase shift data identical to the one presented in [37] . The s-wave zero energy scattering lengths are a(3, 0, 0, 0) = −21.7 a.u. and a(1, 0, 0, 0) = −1.33 a.u.. To evaluate the action ofV onto the basis states one needs to know the matrix that mediates the transformation between the reference frame of the Rydberg atom and the reference frame of the ground state atom. This transformation matrix has been derived in [32] . It is, however, only valid for a situation where the ground state atom lies on the z-axis. For our discussion of trimers we do therefore focus on a regime where only s-wave interaction is important and where L · S coupling is negligible.
Electronic structure of the dimer potentials
To provide a better overview of the electronic structure we present in Fig. S1 (a) the diatomic energy curves of a Cs(34d 3/2 ) Rydberg molecule close to the F = 3 state on a scale where the neighboring j = 5/2 level is visible. States with F = 4 are not visible since, for n = 34 the hyperfine splitting (∼ 9 GHz) is large compared to the fine structure splitting (∼2 GHz). The three poles around 900 a.u., 1300 a.u. and 1500 a.u. result from the resonances in the three triplet p-wave channels. For small distances (R < 500 a.u.) the influence of the −α/(2R 4 ) potential becomes visible. Fig. S1 (b) shows a magnified region below the j = 3/2 which is identical to the 34d PESs presented in Fig. 2 of the main article. Neglecting the p-wave interaction leads to the simpler PESs displayed in Fig. S1 (c) . In this case, one can distinguish six (eight) nearly degenerate deep (shallow) potential curves, that can be characterized by the combined angular momentum G = s r +F and its projection along the internuclear axis. The deepest curves (G = 5/2) corresponds to nearly pure triplet character, while the shallow curves (G = 7/2) have a mixed singlet/triplet character [27] [28] [29] . In Fig. S1 (b) the 8-fold (6-fold) degeneracy of the shallow (deep) potential curves becomes lifted for inner wells due to the p-wave interaction and each curve splits into different curves of constant m j + m F1 (which is the conserved projection of the total orbital momentum along the internuclear axis) [32] .
FIG. S1. Potential energy curves for diatomic Rydberg molecules with p-wave interaction (a), (b) and without p-wave interaction (c). The zero energy has been set to the energy of the 34d 3/2 , F = 3 level.
Electronic structure of the trimer angular potentials
While the two-state model in Fig. S2 (a) explains the main binding mechanism of Cs(nd) Rydberg trimers, it doesn't allow for a quantitative agreement with experimental observations. It neglects the hyperfine structure of the ground state Cs atoms, the fine structure of the Rydberg atom, nor does it distinguish between singlet and triplet scattering. The spin-insensitive scattering is modeled with the energy dependent triplet s-wave scattering length of the complete system. Including all of these additional effects gives rise to the angular PESs in Fig. S2 (d) . To unravel how their complex structure depends on the interplay of the various spin-effects we will switch on/off selected interactions successively and, thus, trace the transition from the simple two-state model from Fig. S2 (a) to Fig. S2  (d) .
Firstly, as an academic exercise, we turn on the Rydberg spin-orbit coupling, but neglect the hyperfine interaction. The PESs for j = 3/2 are shown in Fig. S2 (c) . The crossing degeneracies of the E ± curves in Fig. S2 (a) (see also main text) are lifted, but the general form of the PESs remains similar. The shape of these curves can be approximated via first order perturbation theory in the limit that the fine structure splitting between the j = 3/2 and the j = 5/2 state is large compared to the depth of the PESs to to higher order effects. In particular the s-wave interaction admixes a certain amount of j = 5/2 character to the predominately j = 3/2 states which is indicated by the color encoding. Secondly, the hyperfine interaction in the ground state Cs atoms is turned on and we allow for scattering in singlet and triplet channels (the fine structure is, however neglected), see Fig. S2 (b) . The hyperfine interaction mixes singlet and triplet states and leads to a splitting of the "spin-free" PESs. Around the θ = 0 and θ = π minima (the θ = π/2 minima) one finds 13 non-degenerate curves that originate from the E + (E − ) curve. These curves can be characterized by their approximately conserved total angular momentum G 2 = (F 1 + F 2 + S 0 ) 2 = G(G + 1) (see color encoding in S2 (b)), where G takes half-integer values between 13/2 and 1/2. Consequently each of these curves belongs to a number of (2G) degenerate states. The 13 curves can be further subdivided into 6 deeper curves E ±deep and 7 shallower curves E ±shallow as indicated by the rectangular regions in Fig. S2 (b) . This splitting is similar to the dimer case where one distinguishes deep triplet dominated curves and shallower curves of mixed singlet/triplet character, see Fig S1 (b) .
Finally, the PESs in Fig. S2 (d) combine all the discussed aspects: The equilibrium angles result from the structure of the l = 2 orbitals, the splitting is a consequence of the hyperfine and singlet/triplet couplings, while the avoided crossing can be linked to the Rydberg spin-orbit coupling.
Supplemental information on the experiment
The lasers used for the crossed dipole trap have beam waists of 98 µm and the aspect ratio of the crossing is approximately 2:1. The trap frequencies are 2π · 3.58 KHz along the short axis and 2π · 1 KHz along the long axis. This corresponds to a trap depth of 5 mK.
For the excitation we use a 852 nm laser with a spot size of 1 mm diameter and a power of 5 mW, while the 508 nm laser has a spot size of 25 micron diameter and a power of 130 mW (140 mW) for the 34d 3/2 (36d 3/2 ) measurement. The overall laser stability is 700 KHz (3 MHz) for the 34d 3/2 (36d 3/2 ) spectra. Furthermore a better signal to noise ratio was achieved for the 34d 3/2 measurements by measuring both, the Cs + and the Cs + 2 signal. To illustrate the impact of the line width and the detection method we present in Fig. S3 a comparison between two experimental spectra close to the 34d 3/2 Rydberg line. One spectrum is the combined Cs + and Cs + 2 signal which is also presented in the main part of the manuscript. The other spectrum shows only the Cs + signal and was obtained with a larger line width (3 MHz instead of 700 KHz). It becomes evident that every peak in the high resolution spectrum has a counterpart in the low resolution spectrum. However, the visibility of these peaks suffers from the lower resolution and the lower signal to noise ratio. While both spectra capture the main features of the trimer peaks (asymmetric line shape and shoulders), only the high-resolution data resolves clearly the individual PES visible in Fig. S2 (d) . Additional Cs(nd 3/2 ) molecular spectra and simulations
In Fig. S4 we show additional experimental spectra and theoretical simulations for the states n = 32, n = 34, n = 36 and n = 38 that have not been presented in the main part of the manuscript. The experimental spectrum for n = 34 in S4 (b) was obtained at a higher laser power (140 mW instead of 30 mW) and contains signals of deeply bound states at energies below -200 MHz. The comparison to our numerical data suggests that some of these signals stem from dimers that are bound in an inner well whose depth results from an avoided crossing with other curves due to the resonant p-wave interaction. The experimental spectrum for n = 36 in Fig. S4 (c) was obtained at a lower laser power than the corresponding spectrum in the main part (30 mW instead of 140 mW) and does not contain additional structures below 100 MHz. Similar to the histograms presented in the main text, we include a blue-shift which accounts for the zero-point energy of the molecular stretching motions. This shift is 30 MHz, 25 MHz, 15 MHz and 10 MHz for n = 32, n = 34, n = 36 and n = 40, respectively. The shift corresponds approximately to two times the zero point energy of the dimer states in the most outer wells and, accordingly, decreases with increasing n. For n = 36 the corresponding dimer states are marked with a star in Fig. S4 (c) . 
